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Abstract
In (1 + 1) dimensional hydrodynamics in presence of the gravitational anomalies, the
constitutive relations for the stress tensor contain the response parameters C¯1, C¯2 and the
gravitation anomaly coefficients cg, cw. Here it is shown that they are related by the two
relations C¯1 = 4π
2cw and C¯2 = 8π
2cg. This agrees with the earlier findings. I argue that
the Israel-Hartle-Hawking vacuum is the natural boundary condition which leads to such
relation. Finally, the possible physical implications are discussed.
1 Introduction
The relevant equation of motion for the hydrodynamics are the certain conservation equations
which are supplemented by the constitutive relations – the energy-momentum tensor and the
current expressed in terms of the fluid variables [1]. The role of anomalies in fluid dynamics
has been a central attention in recent years [2] – [7]. The central purpose, so far, is to find the
constitutive relations by solving the anomaly expressions. It turns out that the these relations
can be expressed in terms of fluid variables, like temperature, chemical potential etc. under
the static background. This is possible because the fluid variables at an arbitrary spacetime
point are related to their equilibrium values through the background metric coefficients which
is known as the Tolman relation [8].
The constitutive relations for the stress tensor in presence of the gravitational anomalies
usually contain certain factors, like response parameters and the coefficients of the anomaly
expressions (For details, see [3] – [7]). In this paper, I will show that there exists two simple
relations between them. It agrees with the earlier findings [4]. Contrary to the existing work
[4], the present analysis will be simple and will provide more physical insight in this paradigm.
It will be shown that the imposition of the Israel-Hartle-Hawking vacuum condition on the two
dimensional anomalous stress tensor yields the required result.
Here the detail derivation of anomalous constitutive relation will not be given, because it has
been already done earlier [6, 7]. To achieve the goal, I will start from the anomalous constitutive
relations which are derived in [7] and then proceed further. At the end, the physical implications
will be discussed.
The organization of the paper is as follows. In section 2, the form of the anomalous consti-
tutive relations for the energy-momentum tensor will be given. Then I shall find the relations
between the response parameters and the anomaly coefficients in section 3. Final section will
be devoted for the conclusions and physical interpretations.
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2 Two dimensional anomalous fluid: a brief summary
In this section, the explicit form of the constitutive relations for the energy-momentum tensor
in presence of the gravitational anomalies in (1 + 1) dimensions will be given. The background
is chosen to be static. Here, I will not give the detail derivation of these relations since it can
be followed from [7].
It is well known that the anomalies are the intrinsic properties of field theory. In (1+ 1) the
anomaly expressions are given by [4] (See also [9] – [12]):
∇bT
ab = cg ǫ¯
ab∇bR; T
a(g)
a = cwR , (1)
where cg and cw are two normalization constants and R is the two dimensional Ricci scalar.
Following the steps employed in [6, 7], it can be shown that in the comoving frame under the
static background:
ds2 = −e2σ(r)dt2 + g11dr
2 , (2)
the components of stress tensor, obtained from the solutions of the anomaly expressions Eq. (1),
can be casted in the constitutive relation for stress tensor of a fluid:
Tab =
[
2cw
(
uc∇d − ud∇c
)
∇cud + 2C¯1T
2
]
uaub
−
[
2cg
(
uc∇d − ud∇c
)
∇cud + C¯2T
2
]
(uau˜b + u˜aub)
+
[
C¯1T
2 − cw
(
uc∇d∇duc
)]
gab . (3)
Here ua is the fluid velocity, u˜a = ǫ¯abu
b and T is related to the equilibrium temperature T0
by the relation T = e−σT0. u
a is chosen such that in the comoving frame it satisfies the
timelike condition gabu
aub = −1. For a detail analysis and the meaning of the symbols, see [7].
The similar relation was also obtained by derivative expansion approach in [4]. The response
parameters C¯1 and C¯2 are related to the equilibrium temperature T0 of the fluid as,
C¯1 = (Cuu + Cvv)T0
−2; C¯2 = (Cuu − Cvv)T0
−2 (4)
where Cuu and Cvv are the integration constants appearing in the solution of Eq. (1).
Now it must be noted that in the above constitutive relation Eq. (3) there exists four
parameters: two response parameters C¯1 and C¯2 and two anomaly coefficients cg and cw. In the
next section I will provide a relation between them.
3 Relation between response parameters and anomaly coeffi-
cients
In the derivative expansion approach [4], the authors of the paper showed that the response
parameters C¯1 and C¯2 are proportional to the normalization constants cw and cg appearing in
the anomaly expressions, respectively. The exact connection is given by,
C¯1 = 4π
2cw ; C¯2 = 8π
2cg . (5)
(See, Eq. (4.15a) and Eq. (4.15b) of [4] with the identifications C¯1 = p0 and C¯2 = −c˜2d). The
evidence of this statement can be followed from earlier works in various subfield of physics [13]
– [17]. The derivation in [4] was done by demanding that the thermal energy-momentum tensor
on the cone must vanishes in the Euclidean vacuum. The procedure is very much technically
involved. Here, in this paper, a simple realization of this relation will be presented. I shall show
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that one can understand it by just fixing the integration constants Cuu and Cvv upon imposing
a relevant boundary condition.
To proceed towards the main goal, let us first express the components of Tab in terms of the
metric coefficients under the background (2) in null coordinates (u, v). From Eq. (3), these are
given by,
Tuu =
2cg + cw
4
e2σ
g211
(2σ′′g11 − σ
′g′11) + Cuu ; (6)
Tvv = −
2cg − cw
4
e2σ
g211
(2σ′′g11 − σ
′g′11) + Cvv ; (7)
Tuv = −
cw
4
e2σR . (8)
Here the prime denotes the derivative with respect to “r” coordinate. Now to determine the
integration constants Cuu and Cvv we need to impose a suitable boundary condition. In literature
there exists three types of vacua, corresponding to the different boundary conditions [18]. Among
them, here we shall show that Israel-Hartle-Hawking vacuum condition is the relevant one to
achieve the required relation. This vacuum is defined by the fact that the stress tensor in Kruskal
coordinates corresponding to the both outgoing and ingoing modes must be regular near the
horizon. Hence Tuu → 0 and Tvv → 0 near the horizon. To impose these conditions, let us
consider that the metric (2) is the solution of the Einstein equation and since the metric is
static, the Killing horizon and the event horizon must coincide [19]. Therefore, in the present
case, e2σ|r0 = 0 = 1/g11|r0 where r0 is the position of the horizon. Now denoting e
2σ(r) ≡ f(r)
and 1/g11(r) ≡ g(r), we expand them the near the horizon as
f(r) = f ′(r0)(r − r0) + . . . ; g(r) = g
′(r0)(r − r0) + . . . (9)
Substituting these in the uu component of Tab (see Eq. (6)) and then taking the limit r → r0,
we obtain expression as
Tuu = −
2cg + cw
4
f ′(r0)g
′(r0)
2
+ Cuu . (10)
Now since near horizon this must vanishes, we get
Cuu =
(2cg + cw)κ
2
2
= 2π2(2cg + cw)T
2
0 , (11)
where the surface gravity κ =
√
f ′(r0)g′(r0)/2 and the equilibrium temperature T0 = κ/2π.
Similarly, imposition of the same boundary condition on Eq. (7) leads to
Cvv = −2π
2(2cg − cw)T
2
0 (12)
Substitution of these in Eq. (4) lead to both the two required relations in Eq. (5).
Before I conclude, let me make some comments on the relations of Eq. (5) and the way these
have been derived here. In the context of (1 + 1) dimensional conformal field theory (CFT)
and Cardy formula, there exits similar results like Eq. (5). It is well known that the Cardy
formula relates the pressure of the CFT with the left and right handed central charges by the
relation P = 2πT 2(cL + cR)/24 = 4π
2cwT
2 where cw is the same trace anomaly coefficient as
given in Eq. (1) (See [20], for details). Furthermore, the arguments employed here to derive
the relations are similar to those used for deriving the Cardy formula. Here we imposed the
Israel-Hartle-Hawking vacuum condition which for Killing horizons implies that the stress-tensor
must be regular on the corresponding Euclidean cigar. Moreover, it is possible to derive the
relations by using the similar formalism as that of the derivation of the Cardy formula. This
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has been shown in [4]. On the other hand if one calculates the T rr component, for the present
case, which is the pressure, then it turns out to be T rr = 4π
2cwT
2+ (higher derivative terms).
This is exactly the expression, mentioned above, obtained by Cardy formula. In addition, it can
be shown that T rt = 8π
2T 2cg and −T
t
t = 4π
2cwT
2 upto some higher derivative terms. All these
suggest that the method, employed here, is similar to that for deriving the Cardy formula.
4 Conclusions
In this paper, a simple derivation of the relations in (5) has been given in the context of two
dimensional anomalous hydrodynamics. I showed that these are coming from the fixing of the
integration constants, appearing in the solutions of the gravitational anomaly equations, by
imposing the Israel-Hartle-Hawking vacuum condition. Such an analysis, so far I know, does not
exist in literature. It clearly revels the importance of the vacuum condition in the anomalous
hydrodynamics. I believe that the present analysis might shed some light towards this paradigm.
The physical significance is as follows. It is well known that in the thermodynamics of
gravity, the main macroscopic entities are temperature, entropy, free energy, etc. which are all
observer dependent quantities. For instance, a freely falling observer through the black hole
horizon does not associate these on the horizon while the thermodynamical parameters are well
defined with respect to the outside static observer. Therefore, one can argue that the degrees
of freedom responsible for them are not absolute [21] – [23]. Similarly, as we have seen in the
present analysis, the relevant observer is one which corresponds to the Israel-Hartle-Hawking
vacuum. Hence the underlying microscopic theory for the anomalous fluid dynamics may have
observer dependent notion. Finally, the present analysis is general enough to include higher
dimensional theories. Furthermore, to understand more about the significance of the vacuum it
would be interesting to study the gravitation anomalies in higher dimensions. This I leave for
the future.
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